Ahsbact-Mathematical models, defined by a structure and a set of parameter variation or uncertainty, may be simplified both by structure reduction and parameter set reduction. First, the approximation of highorder and time varying linear Gaussian models by low-order and timeinvariant ones is considered. The proposed approach is based on maximizing the probabilistic ambiguiv between the actual model and the approximate one, and is applicable to general stochastic linear models. Reducing a model set, defined on a set of parameter variation or uncertainty, to a single fixed parameter model or a finite model group, is then considered. The Set reduction criteria give rise to a min-ma% optimization problem and a min-max-min problem, which is converted to a constrained min-max problem. The algorithmic solution of the optimization problems is considered in detail, along with several approximation and discretization schemes. The application and the validity of the proposed approach are examined in view of traditional design considerations by solving numerical examples for several structure and set reduction problems.
I. INTRODUCTION
T HIS paper is concerned with the problem of simplifying high-order, time-varying and parameter-uncertain stochastic linear models. Order reduction methods for essentially deterministic, time-invariant linear models have been studied extensively in recent years [ 11. Various techniques, ranging from dominant eigenvectors [2] , canonical forms [3] and output deviation [4] , approximations of state-space models to continued fraction [5] , state feedback [6] , Pade [7] , [8] , and Routh [9] , approximations of transfer functions, have been suggested. Stochastic model reduction has been considered, in rather general terms, in [ 101 and [ 1 11. On the other hand, with very few exceptions (e.g., [ 121, and [ 131, where only response to initial conditions is considered) the problem of representing time-varying models by time-invariant ones does not seem to have attracted much interest. Neither has the problem of representing models with large parameter variation or uncertainty by a single model or a small model group received a systematic treatment. This is somewhat surprising, since simplified modeling of systems, operating under varying conditions, is needed in many applications (e.g., in aerospace control and navigation systems) for analysis and design purposes.
In this paper we present a unified approach to the model simplification problem. The proposed approach is based on maximizing the expected log likelihood function or the August 29, 1980 . Paper recommended by S I . Marcus, Chairman of the Manuscript received December 3, 1979; revised January 29, 1980 and Stochastic Control Committee.
The authors are with the Department of Electronic Systems, School of Engineering, Tel-Aviv University, Tel-Aviv, Israel. probabilistic ambiguity between the actual system and the simplified model. An approximation coefficient, which proves to be very useful in the analysis, is also defined. Employing state-space models in the time domain makes it possible to consider a general class of linear model approximation problems. In particular, a single design would take account of stochastic disturbances, deterministic inputs, and initial conditions, which have been treated previously in the order reduction literature by specialized techniques. For the case of time-invariant systems, transient response and steady-state approximations are naturally defined in the time domain and prove to be compatible with traditional dominant pole approximations.
The problems of (order and time) structure reduction and of (parameter) set reduction give rise to different programming problems. While structure reduction is achieved by solving a minimization problem, set reduction to a single model requires solving a min-max problem and set reduction to a model group requires solving a minmax-min problem. The algorithmic aspects of these problems are discussed in detail. The validity and the usefulness of the proposed techniques are demonstrated by low-order numerical examples. The resulting designs, based on our purely statistical criterion are found to be in complete agreement with what would be obtained from systemtheoretic considerations and "classical" designs in the frequency domain. 
STRUCTURE (ORDER AND TIME) REDUCTION

A. The Approximation Criterion
where E denotes expectation taken with respect to the known distribution of Y", f(Y"). As noted in [14] , the integral in (2.2) may be viewed as a version of the ambiguity function used in radar applications. We call it here the probabilistic ambiguity between the actual system and the approximating model. It should be noted that in the above definition it is assumed that when yi has a well-defined probability density on R'(i.e., that its probability measure is either discrete or absolutely continuous with respect to the Lebesgue measure). This is suitable for the Gaussian case treated in the sequel. When this is not the case (i.e., when Y may take values from mixed continuous and discrete sets), the ambiguity function is ill-defined. Instead, the approximation criterion would be defined on Kullback -Leibler's information [ 151 between the corresponding probability measures, i.e., assuming that the two measures are mutually absolutely continuous. It is not difficult to see that whenever these measures are absolutely continuous with respect to the Lebesgue measure, the two criteria coincide. We shall find it convenient, without losing generality, to write the criterion in the form min J ( s) s E S where ,.
In order to evaluate the compatibility of the selected approximate model, it is reasonable to compare the value of the criterion function for the selected model with the one corresponding to the given distribution. Furthermore, a good measure should be confined to a specified range, so as to provide comparative information on different approximations. Defining it can be seen that OGK'B 1 (2.5) (since E log f,(YN) G E log f ( y N ) < log E~( Y " ) = 0). Clearly, K' measures the difference between the approximate model and the actual one. A measure of approximation is then defined as the complement of K'. i.e..
Obviously, we have
Of course. we could start by introducing K as the ratio in (2.6). It seems, however, that the above derivation via K' is better motivated. We call K the approximation coefficient.
2 (2.10) where s is the vector of free parameters of the model and S is the parameter set. In order to write the approximation criterion for this problem we first note that
where L( y, 1 Y"-l) denotes the conditional probability density corresponding to Ms. For the normal models concerned we have When the system's operation is gven on a finite time length, or when emphasis of the transient response characteristics is desired in the design, the approximation criterion function is given by (2.18) where N is the given (sampled) time length, the duration of the transient response, or an arbitrary initial time period selected for design purposes. Characteristic response times may be determined by eigenvalue analysis or simulation of the original system.
When an emphasis of the steady-state characteristics of the original system is required in the reduced-order design, the criterion function takes its steady state value, i.e., where Zs and r, are the steady-state values of 2s,n and rs. ,, respectively.
B. Special Cases and Examples
We now turn to examine the usefulness of the proposed approach by solving specific low-order examples for a variety of model simplification problems. We first consider the problem of order reduction for time invariant models, using steady-state and initial response design procedures. The effect of a deterministic input on the design is also examined. We then consider the approximation of a timevarying system by a time-invariant model, and finally the approximation of a time-varying system by a lower order, time-invariant model is demonstrated.
Example 1: Given a second-order system (2.21) that approximates the given model. Using our approximation criterion, it is necessary to find the value of s that maximizes the function J(s). We seek a steady-state approximation and an initial response approximation for the first 5 sampling times. "Classical" design considerations imply that the frequency response of the approximate model should be similar to that of the original system in the design range. The optimal values of the parameter s and the corresponding approximation measure K for several values of a are given in Table I . The poles of the given system and the approximating models in the z-plane are shown in Fig. 1 . It is seen that when the original system has a dominant (low-frequency) pole (Case l), both designs give models whose poles are close to the dominant pole. In particular, the pole of the steady-state approximation is practically identical to the low-frequency pole, while the pole corresponding to the initial response design i s of higher frequency, as expected. As the poles of the original system come closer (Cases 2-4), the pole of the approximate model lies to their right, for both designs, to give similar frequency responses to that of the original poles, in the respective ranges. (Note again, that the steady-state design pole lies to the right of the initial response design pole.) Note that for Cases 1-4 the approximation coefficient assumes higher values for the steady-state design, indicating better approximation. When the poles of the original system are complex (Cases 5, 6), each of the approximate models has a real pole with a lower real frequency than the complex couple, giving similar frequency response characteristics. As the imaginary part of the original system's poles increases, the approximate model's poles converges to the real part of the original system's pole. Note that here the approximation coefficients for the steady-state design decreases drastically (Case 6), while its value for the initial response design remains relatively high. This means that when the original system has oscillatory characteristics (complex poles), a transient response approximation is more suitable than a steady-state approximation.
Next consider the system given by (2.20) with a=0.25, but let the reduced order model be x , + 1 = S I X , +w;
A steady-state design is desired. The resulting parameter values were found to be: s1 =0.6785, s2 = 1.203. s3 = 1.299, and s4 =0.467 with the approximation coefficient K= 0.9993. As might have been expected, the approximation here is better than in the previous design (Case 1). as effectively all the model's parameters were free to take their optimal values on R4.
Finally, consider the system given by (2.20) with an additional deterministic input, i.e.. For a=0.25 and a steady-state design we get s=O.l5 and K=0.9856. Comparing these results to Case 4 above, we see that the additional deterministic input has a rather marginal effect on the pole selection and on the approximation quality. Time-invariant models of the form -x,+ 1 -sx, +I*;
Rs.n=Qs.n='
that approximate the given time-varying systems are desired. It is reasonable to expect the resulting parameter values to be close to the average (0.45 in both cases) tending, on the one hand, towards later F, values (due to the fading past effect of a stable system) and, on the other, towards larger F;, values (which have a greater effect on the output covariance as they bring the system closer to instability). This means that the selected value of the parameter s should be greater for the intensifying memory case.
The resulting values of the parameter s and the approximation coefficient are given below.
It is seen that in both cases average values were selected. The influence of greater F, values is seen from the fact that in both cases s>0.45. This effect is stronger for the case of intensifying memory, as expected. Also, note that the approximation coefficient is somewhat higher (i.e., the approximation is somewhat better) in the latter case, which might be explained by the fact that the system's dominant characteristics are somewhat more definite in the latter tions f,( Y") and f,( Y") for an observation record Y N = case. K=0.9790 . Note that the selected s value tends towards later values of the "unstable" eigenvalue of the original system, as might have been expected. The fact that both the original system and the approximate model are unstable is of no major wnsequence here, since the system's operation and the approximation are required for the first 10 samples only.
SET REDUCTION
A. General
It is sometimes desired to reduce a model set defined by a structure and a set of parameter values to a single model with fixed parameter values and the same or simpler structure that represents the model set in some sense. In certain cases, however, important characteristics (e.g., those dynamic characteristics which are particular to subsonic and supersonic flights in modeling aircraft dynamics) may be lost in a single model design. A finite group of representative models that "spans" the model set in some sense would then be desired.
In the previous section we considered the problems of order and time structure reduction. We had a known stochastic model for the system and a model set from which a simpler approximate model was to be selected. This was acheved by minimizing a probabilistic ambiguity function with respect to a single variable parameter. For the model set reduction problem considered in the present section, the original model becomes a model set and the ambiguity function becomes a function of two variable parameters. The two parameter sets may or may not wincide, depending on whether structure reduction is also sought and on the set reduction procedure used.
B. Set Reduction Criteria
Let SERF and TER4 be two parameter sets, so that for each s E S and t E T there exist probability density func-~~~ where E, denotes expectation with respect to the density f,(YN). Note that JN(t, s) is the negative probabilistic ambiguity between the models corresponding to s and t. When the observations are ergodic (e.g., stationary Gaussian) then J ( t , s) has a limit value
J ( t , s ) = lim JN(t,s)=-2E,1ogf,(Y,JYN-I). (3.2)
Example 4: Consider a second-order linear Gaussian The function J( s, t ) for this example has been plotted using a three-dimensional plotting program and is given in Fig. 2.
If Y " does not possess well-defined densities, J( t , s) will be replaced by Kullback-Leibler's information between the corresponding probability measures provided that P, and P, are mutually absolutely continuous for all sES, t E S . We shall see that in contrast to the structure reduction problems treated in Section 11, the measures J(r, s) and I ( t , s) do not coincide for the set reduction problem treated in this section, even when h( Y ) and f , ( Y ) are well defined, and that there is an obvious computational advantage to using J( t , s) when possible.
Given two parameter sets T and S and two model sets defined on them, the problem of concern here is to find a finite group of models defined on S that best represents the entire model set defined on T. We call T the set of definition (of the original model) and S the set of representation. S and T may, but need not, coincide and each may be continuous or discrete. When the original model is completely specified by a parameter value t , a reasonable criterion for selecting an approximate model from a model set defined on S is that the ambiguity between the actual model and the approximate one is maximized (see Section II), i.e.,
minJ(t, s). (3.3) S € S
When the actual model is not specified, but instead is given on a parameter set T, a reasonable criterion for selecting a single representative model defined on S is that the minimum possible ambiguity between the actual model (whatever it might be) and the selected one is maximized. The criterion is then min maxJ( t , s).
S € S I € ? -(3.4)
Next, suppose that the model set defined on T is to be represented by a finite group of L models, defined on S. Denote the finite group of parameter values to be selected by and suppose that t E T is the actual parameter value. Then. using the criterion (3.3), the best representative parameter from P is the one giving minJ(t, 5,).
s, E P (3.5)
Now P must be selected from S so that the model obtained by (3.5) is the best representative for T. The min-max criterion (3.4) requires that this selection satisfies We next derive a measure of compatibility for the selected model or model group by extending the measure K defined in Section I1 as follows. For set reduction to a single model we obtain a min-max point so. Defining t o =argmaxJ(t, so)
it can be shown (as in Section 11) that
K'(so) measures the (normalized) difference between the selected parameter (so) and t o . whch is "the most different" from so. K'(so) then measures the difference between the selected model and the actual one in the "worst case." A measure of approximation is then defined as the complement
For the problem of set reduction to a finite group Po. we similarly define and Then a measure of difference between the selected model and the actual one for the "worst case" is
K'( P o ) = J(rO. PO)-J(tO, t o )
J ( r o , P o )
and a measure of approximation is defined by the complement
C. The Optimization Problem
The problem at hand is to construct procedures for solving the optimization problems (3.4) and (3.6). Min-max problems have received considerable attention in the litera- ture and several procedures can be adapted to (3.4) . On the other hand, there does not seem to be anything in the literature concerning problems such as (3.6) , which is a generalization of the min-max problem. The following procedure reduces the solution of (3.6) into iterative solutions of min-max problems under constraints.
Step 0: On the k th iteration, have the group
P~= ( S~, , ;~= I ; --, L ) .
Step I: For each sk, E Pk find a subset T(sk, j ) E T such that for f E T( s k . j )
J ( t , S k , j ) > J ( t r S k , i )
foranyi#j.
Step 2: Find the min-max point in S for each T(sk,!), j = l ; . . . L , and obtain a new group Pk+l = ( S k + ] , j , J = 1,-. * . L ) .
Step 3: Check a stopping condition.
Set k= k+ 1 and The above procedure is described in Fig. 3 . The actual repeat Steps 1 and 2 until stopping condition is satisfied.
algorithm performs Steps 1 and 2 together as follows.
Step 1 , 2 : Foreachsk,jEPk,j=I,..-,L find min maxJ(t, s ) (3-9)
S E S t E T subject to J(t,~,,,)>J(t,s~,~)foranyi#j. (3.10)
Note that the constraint involves only the parameter t and not s. It follows that in solving (3.9) in each iteration only the maximization is performed under the constraint (3.10).
The solution of (3.4) is then a (considerably simpler)
subproblem of the solution of (3.6). This should come as no surprise as representation by a single model is a special case of representation by a finite group. The representation problems at hand involve solving unconstrained (in the case of a single representative model) or constrained (in the case of a representative group) min-max problems. These, in turn, involve unconstrained minimization and constrained or unconstrained maximization steps. Note that for the case of linear Gaussian models on continuous parameter sets exact expressions for the first and the second derivatives of the criterion function J(s, t ) with respect to the parameter s are provided in the Appendix, and can be used in performing the minimization step on S.
The derivatives with respect to the parameter t for the maximization step on T can be derived in a similar manner (replacing the original model by the model corresponding to t and differentiating with respect to I).
D. Special Cases
I )
General: Before addressing the optimization problems (3.4) and (3.6) for continuous parameter sets S and T, we consider the case where both sets are discrete, and the case where one set is continuous and the other discrete. These cases may be viewed as valid optimization problems in their own right, applying to practical problems of selecting between finite alternatives, or as approximations of the continuous parameter problem. Such simplified versions of the optimization problem are also used as intermediate iterative steps in certain algorithms for solving min-max problems on continuous parameter sets (e.g., 16). We shall [ a , b ] to denote the closed interval between a and b.
2) Finite Parameter Sets: The parameter set T may be given as a finite set or may be constructed as such from a continuous set by some discretization. so as to approximate the original set. The set of representation S may coincide with T o r may define a finite set of simpler models (say. of lower order) than those defined by T. The solution of the min-max problem (3.4) is then found by simple comparison of J ( s , t ) values of pairs s and t. The solution of (3.6) is found by the procedure proposed in the previous section. solving the min-max problem on each iteration.
Example 5 It is seen that in Case a an "average" value for the parameter was selected from the set. In Case b. however. the extrema1 value was selected. This is explained by the fact that the system associated with 0.99 is nearly unstable and the resulting higher output covariance has greater influence on the criterion function J ( t . s ) than the other models. This is a desirable result, as the nearly unstable models should be approximated more closely than the strongly stable ones. For the initial response design. Case c. the selected parameter value has shifted to the left. as the effect of near instability is small for the short time period.
Example 6: Now it is desired to find the best two representative models from the model set of which remains unchanged in further iterations.
3) Finite-Continuous Parameter Sets:
Intermediate approximations for continuous set reduction may be achieved by discretizing one of the parameter sets, yielding one of the following two situations: a) discrete definition set and continuous representation set, b) continuous definition set and discrete representation set.
Either discretization would reduce the computation effort involved in solving the continuous set reduction problem considerably. as the maximization step (Case a ) or the minimization step (Case b ) of the min-max procedure are performed on finite sets. There does not seem to be an obvious preference to a or b a priori. unless they are suggested by the given problem (for instance. Case a would arise in finite set reduction when structure reduction is also performed).
Optimization procedures for solving min-max problems when one parameter is given on a continuous set and the other on a discrete finite set have been suggested in the literature [17] and some are available in widely used subroutine libraries [ 181. These subroutines may be used to solve our min-max problem (3.4) . Note, however, that these general subroutines are tailored for problems where only the criterion function (and none of its derivatives) is available or where only the function and its first derivative are available. In our case we have first and second derivatives available for linear Gaussian models, so that better solutions (faster convergence) may be achieved. (-0.09, -0.16, -0.25) .
The eigenvalues of the system matrix are listed below. 
R=Q=l
where s may take any value on the real line. Applying the min-max criterion we get so =0.842. Note that the selected value is close to the higher eigenvalues of the original models, which is explained by the higher covariance values associated with the corresponding modes. From a frequency response viewpoint the approximate representative model tends towards the low-frequency range of the original system due to the steady-state design.
4) Continuous Parameter Sets:
A simple-minded procedure for solving min-max problems on continuous parameter sets is alternating minimization and maximization steps. Convergence can be normally guaranteed when the function has a saddle point [ 191. It can be argued, however. that for the function J(s, t ) a saddle point will not normally exist. (Note that even in the very simple case of scalar parameters, depicted in Fig. 2 , a saddle point does not exist.) A procedure for solving min-max problems on continuous parameter sets by iterations on continuousdiscrete sets has been proposed by Salmon [ 161, who also showed convergence of the algorithm, even in the absence of a saddle point. This optimization method has been used in the following example.
Example 9: Let a first-order linear system be given by
x,+, = t x , + n ; Note again, that the representations tend to emphasize the higher range of the parameter set for reasons discussed before, Also note that as should be expected, the min-max approximation improves (higher K values) when more representative models are taken.
IV. CONCLUSION
The problem of stochastic model simplification has been treated in the contexts of structure reduction and parameter set reduction. The approximation of high-order and time-varying systems by low-order and time-invariant models is achieved by maximizing the probabilistic ambiguity between the actual system and the selected model. The reduction of a model set defined on a set of parameter variation or uncertainty into a single model or a finite model group is achieved by finding the min-max and the min-max-min points of the ambiguity function. Set reduction may include structure reduction as a subproblem. The algorithmic aspects of the model simplification problem were considered in some detail. It should be emphasized that any efficient, general minimization, min-max and constrained min-max algorithms may be used to solve the respective model simplification problems. Several such algorithms have been tested and have shown good convergence properties for the examples considered. For linear Gaussian models exact expressions for the gradient and the Hessian are computable, so that better convergence rates can be achieved at the cost of more extensive computation per iteration. An efficient optimization procedure may employ a general algorithm, approximating the first or the second derivative, as a first stage, and a specialized algorithm, using the exact derivatives, as a second stage, for were obtained.
higher senitivity in the neighborhood of the solution. 
APPENDIX
The basic iteration in a gradient-type nonlinear programming method is wheresk is the parameter vector at the kth iteration, ~( s~) where +s.n is obtained recursively from the equation is the inverse of the Hessian-the second partial matrix (a2J(s)/ask(s,s~), and pn is the scalar step size parameter.
In order to apply the method to our problem, the gradient and Hessian of J(s) must be derived. Clearly, at these are obtained by summation of the gradients and 
